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Abstract

Symmetry-protected topological (SPT) phases in insulators and superconductors are known for
their robust edge modes, linked to topological invariants which are computed from the Berry
connection defined in the bulk: the bulk-boundary correspondence. While this principle
traditionally applies to gapped phases, recent advances have extended it to gapless systems, where
topological edge states persist even in the absence of a bulk gap. We extend this framework to
periodically driven chains with chiral symmetry, revealing the existence ot topological edge zero- and
pi-modes despite the lack of bulk gaps in the quasienergy spectrum. By examining the half-period
decomposition of chiral evolutions, we construct topological invariants that circumvent the need to
define the Floquet Hamiltonian, making them more suitable for generalization to the gapless
regime. (Geometrically, the generalization is equivalent to a definition of linking numbers between
intersecting loops in the three-sphere. We provide explicit examples, including generalizations of
the Kitaev chain and related spin models, where localized pi-modes emerge even when the bulk is
capless at the same quasi-energy as the edge modes, and study the effect of interactions.
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